Abstract: J. Nitsche proved that an isolated singularity of a conformal hyperbolic metric is either a conical singularity or a cusp one (Math. Z. 68 (1957) 316-324). We prove by developing map that there exists a complex coordinate z centered at the singularity where the metric has the expression of either 4α 2 |z| 2α−2 (1 − |z| 2α ) 2 |dz| 2 with α > 0 or |z| −2 ln |z| −2 |dz| 2 .
Introduction
Let Σ be a compact Riemann surface and D = n ∑ i=1 (θ i − 1)p i a R-divisor on Σ such that 0 ≤ θ i = 1.
We call that a smooth conformal metric dσ 2 on Σ\supp D = Σ\{p 1 , · · · , p n } represents the divisor D if the following condition is satisfied:
• If θ i > 0, then dσ 2 has a conical singularity at p i with cone angle 2πθ i > 0. That is, in a neighborhood U of p i , dσ 2 = e 2u |dz| 2 , where z is a complex coordinate of U with z(p i ) = 0 and u − (θ i − 1) ln |z| extends to a continuous function in U .
• If θ i = 0, then dσ 2 has a cusp singularity at p i . That is, in a neighborhood V of p i , dσ 2 = e 2u |dz| 2 , where z is a complex coordinate of V with z(p i ) = 0 and u + ln |z| + ln (− ln |z|) extends to a continuous function in V .
We observe that the metric dσ 2 has finite (infinite) diameter near a conical (cusp) singularity. J. Nitsche [7] , M. Heins [4] and A. Yamada [10] proved that an isolated singularity of a conformal hyperbolic metric must be either a conical singularity or a cusp one. By the Gauss-Bonnet formula, if dσ 2 is a conformal hyperbolic metric representing D, then χ(Σ)
is the Euler number of Σ. M. Heins [4] proved by S-K metric the following existence theorem. After Heins' work [4] , both McOwen [6] and Troyanov [9] , who were unaware of [4] apparently, proved the theorem for hyperbolic metrics with only conical singularities by using different PDE methods. In this manuscript, we will give the explicit expressions of conformal hyperbolic metrics near their isolated singularities.
Theorem 1.2 (Main Theorem
. Let dσ 2 be a conformal hyperbolic metric on the punctured disk △ * = {w ∈ C|0 < |w| < 1}. If dσ 2 has a conical singularity at w = 0 with the angle 2πα > 0, then there exists a complex coordinate z on ∆ ε = {w ∈ C||w| < ε} for some ε > 0 with z(0) = 0 such that
Moreover, z is unique up to replacement by λ z where |λ | = 1. If dσ 2 has a cusp singularity at w = 0, then there exists a complex coordinate z on ∆ ε = {w ∈ C||w| < ε} for some ε > 0 with
Moreover, z is unique up to replacement by λ z where |λ | = 1.
The main theorem paves a way for the further study of global geometry of conformal hyperbolic metrics with singularities on compact Riemann surfaces.
We organize the left part of the manuscript as follows. In section 2, we at first recall some elementary knowledge of hyperbolic geometry. Then we give the properties of developing maps and prove a hyperbolic version of Lemma 3.2 in [3] for hyperbolic metrics (Lemma 2.4). Section 3 is the proof of the main theorem.
Preliminaries

Elementary hyperbolic geometry
We will work with any of the Poincaré disk model D = {z ∈ C : |z| < 1}, (1−|z| 2 ) 2 and the upper half-plane model H = {z ∈ C : Im z > 0}, |dz| 2 (ℑz) 2 of the two dimensional hyperbolic space form at our convenience. We denote
the group of all orientation-preserving isometries of D and H, respectively, and denote by I(D) the isometry group of D. •
• In the upper half
Developing map
In the paper [3] , Q. Chen, W. Wang, Y. Wu and the last author discussed developing maps of conical metrics with constant curvature one on a compact Riemann surface and their monodromy in detail. Actually these conclusions are also true in non-compact cases. We will give the corresponding case for conical hyperbolic metrics. In particular, we shall state the following two lemmas and omit their proof, which is similar as Lemmas 2.1-2 in [3] . We need to prepare some notions at first. A multi-valued locally univalent meromorphic function H on a Riemann surface Σ is said to be projective if any two function elements H 1 , H 2 of H near a point p ∈ Σ are related by a fractional linear transformation L ∈ PGL(2, C), i.e.,
Let dσ 2 be a conformal hyperbolic metric on a Riemann surface Σ, not necessarily com-
We call a projective function F : F is said to be compatible with the divisor
of F equals
{F, z} of F has the form above. We now go into local expressions of developing maps near conical or cusp singularities of conformal hyperbolic metrics in the following lemma, where for the sake of clarity we change the notion of D a little. Proof. We first show that there exists a neighborhood U i of p i with complex coordinate z and some
Since F is compatible with D, we could choose a neighborhood U i of p i and a complex coordinate x on U i such that x(p i ) = 0 and
where φ i (x) is holomorphic in U i . By [2] , in the neighborhood U i there are two linearly independent solutions u 1 and u 2 of the equation
with single-valued coefficient such that
Define an operator 
is a solution of L i u = 0 if and only if the equation
holds for all n = 0, 1, 2, · · · , where R 0 = 0, and, for n > 0, 
is a logarithmic solution where
Thus u log , u(s 2 , x) are the two linearly independent solutions of L i u = 0 near 0. We have
,
Since the monodromy of F belongs to PSU(1,1), we can choose a function element
in an open disk which is near p i and does not contain p i . Then there exists
• F.
We arrive at
therefore, a = 0, c = 0 and |c| = |a|. Furthermore,
Note that ϕ(x) is holomorphic near 0 and ϕ(0
where
We could choose a sequence {x n } → 0 and α < β such that
Then we have
Recalling the expression of F and |c| = |a|, we have |F(x n )| > 1, which contradicts that F takes values in D. Summing up the above two paragraph, we have proved the first statement of the lemma near p i .
We are now going to show there exists a neighborhood U j of q j with complex coordinate z and some L j ∈ PGL(2, C) such that z(q j ) = 0 and G j = L j • F has the form log z. Since F is compatible with D, we could choose a neighborhood U j of q j and a complex coordinate x on U j such that x(q j ) = 0 and
where φ j (x) is holomorphic in U j . Analogue to the proof above, the indicial equation
has roots s 1 = s 2 = 1/2. The following expression
is a solution of L j u = 0, thus u log , u(s 2 , x) are the two linearly independent solutions of L j u = 0 near 0. We have
is holomorphic near 0 and ψ(0) = 0. Put z = xe ψ(x) , then log z = log x + ψ(x), F = a log z+b clog z+d . By now, we have proved the first statement of the lemma. As long as the second statement is concerned, since F is locally univalent on Σ * and has monodromy belonging to PSU(1,1), F * dσ 2 0 is a well-defined smooth conformal hyperbolic metric on Σ\supp D. The first statement above proved just now implies that this metric has conical singularities at p i with cone angle 2πα i and cusp singularities at q j . Remark 2.1. There exists an analogue of this lemma on the upper half-plane model H, which is stated as follows and will be used next section. 
Proof of the main theorem
We at first show the first statement of the theorem. Let dσ 2 be a conformal hyperbolic metric on the punctured disk △ * = {w ∈ C|0 < |w| < 1}, dσ 2 has a conical singularity at w = 0 with cone angle 2πα > 0. We will denote the singularity by p. By Lemma 2.1, there exists a projective function F from ∆ * to the unit disc D such that the monodromy of F belongs to PSU (1, 1) and dσ 2 = F * (dσ 2 0 ), where dσ 2 0 = 4|dz| 2
(1−|z| 2 ) 2 is the hyperbolic metric on D. Thus we obtain the monodromy representation ρ F : π 1 (△ * ) −→ PSU(1,1) of F, where π 1 (△ * ) ∼ = Z. We denote ρ F (e) by L, where e means the homotopy class of the closed curve t → 1 2 exp(2π √ −1t), t ∈ [0, 1]. By Lemma 2.4, there exists a neighborhood U of p with complex coordinate ξ and j ∈ PGL(2, C) such that ξ (p) = 0 and J = j • F has the form J(ξ ) = ξ α , where α > 0. We divide the argument into the following two cases.
• Suppose that α is an integer. Then the local monodromy of F at p is trivial. We set n := α ∈ Z >1 . Then
We can set F(0) = 0 without loss of generality, then
Therefore we could choose another complex coordinate z = z(ξ ) of U under which F = F(z) = z n . Since z(p) = ξ (p) = 0, by continuity, there exists a neighborhood ∆ ε = {z ∈ C||z| < ε} ⊂ U for some ε > 0, so that, on ∆ ε , we have
• Suppose that α is not an integer, Note that ρ F (e) = L ∈ PSU(1,1). We divide the argument of the second case into the following three subcases.
-If L is elliptic, then there exists
for some real number θ . Since F is a developing map of dσ 2 , so is G = K • F. Therefore we can choose a function element g = aξ α +b cξ α +d of G with ad − bc = 1 in an open disk which is near p and does not contain p. Then
This is equivalent to the following equalities holding:
Solving the system, we find that either c
equals µξ α (µ = 0), g(0) = 0. Therefore we could choose another complex coordinate z near p under which g(z) = z α . Since z(p) = ξ (p) = 0, by continuity, there exists a neighborhood ∆ ε = {z ∈ C||z| < ε} for some ε > 0, so that, on ∆ ε , we have
In order to analyze parabolic and hyperbolic transformations, it will be more convenient to work in the upper half-plane model H of the hyperbolic plane than in D. There exists a projective function F : △ * −→ H on △ * such that the monodromy of F belongs to PSL(2, R) and dσ 2 = F * (dσ 2 0 ), where dσ 2 0 = |dz| 2 (ℑz) 2 is the hyperbolic metric on H. Thus we obtain the monodromy representation ρ F :
some positive real number λ . Since F is a developing map of dσ 2 , so is G = K • F. Therefore we can choose a function element g = aξ α +b cξ α +d of G with ad − bc = 1 in an open disk which is near p and does not contain p. Then
Since λ is a positive real number, λ = 1 and ad − bc = 1, there is no solution to this system, contradiction! -If L is parabolic, then there exists K ∈ PSL(2, R) such that K • L • K −1 (ξ ) = ξ + t for some real non-zero number t. Since F is a developing map of dσ 2 , so is G = K • F. Therefore we can choose a function element g = aξ α +b cξ α +d of G with ad − bc = 1 in an open disk which is near p and does not contain p. Then
This is equivalent to the following equalities holding: What follows is the proof for the second statement of the theorem. Let dσ 2 be a conformal hyperbolic metric on the punctured disk △ * = {w ∈ C|0 < |w| < 1}, dσ 2 has a cusp singularity at w = 0. We will denote the singularity by q. By Lemma 2.1, there exists a projective function F from ∆ * to the unit disc D such that the monodromy of F belongs to PSU(1,1) and dσ 2 = F * (dσ 2 0 ), where dσ 2 0 = 4|dz| 2
(1−|z| 2 ) 2 is the hyperbolic metric on D. Thus we obtain the monodromy representation ρ F : π 1 (△ * ) −→ PSU(1,1) of F, π 1 (△ * ) ∼ = Z. We denote ρ F (e) by L. By Lemma 2.4, there exists a neighborhood U of q with complex coordinate ξ and j ∈ PGL(2, C) such that ξ (q) = 0 and J = j • F has the form J(ξ ) = log ξ . The argument is divided into the following three cases.
• If L is elliptic, then there exists 
Solving the system, we find that either 
Note that λ is a positive real number and λ = 1. Solving the system, we find that either Sinc t = 0, we have c = 0, td 2 = 2π √ −1. By ad −bc = 1, then ad = 1, t = a 2 2π √ −1. Since t is a real non-zero number, put a 2 = √ −1δ where δ is a real non-zero number. Moreover, g(ξ ) = a 2 log ξ + ab = a 2 (log ξ + b/a), set z = ξ e b/a , then log z = log ξ + b/a, g(z) = = a 2 F + ab, then − √ −1 log z = −a 2 √ −1 log z + ab, there exists an open disk V which is near q and does not contain q such that a 2 = 1, log z = log z + ab √ −1. Therefore we have z = λ z on V with |λ | = 1. Since z, z and w are coordinates near q, z and z are holomorphic functions of w, then z = λ z, |λ | = 1 holds in a neighborhood of q.
